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ON A CONJECTURE OF B. C. KELLNER
OLIVIER BORDELLÈS
ABSTRACT. The aim of this note is a proof of a recent conjecture of Kellner concerning the number of dis-
tinct prime factors of a particular product of primes. The proof uses profound results from analytic number
theory, such as Granville-Ramaré’s estimate of an exponential sum over primes.
1. INTRODUCTION AND MAIN RESULT
Let n ∈ZÊ1. In a recent paper [4], Kellner studies the product
pn :=
∏
p prime
sp (n)Êp
p
where sp (n) stands for the sum of the digits in the base-p expansion of n. Recall that, from Legendre’s
formula, sp (n)=n− (p−1)vp (n!). As it is shown in [4, 5], the values of this product are closely related to
the denominators of the Bernoulli polynomials. In [4], the author proves that
ω
(
p
+
n
)
<pn and ω
(
p
−
n
)
Épi
(p
n
)
where
pn =
∏
p<pn
sp (n)Êp
p×
∏
p>pn
sp (n)Êp
p := p−n ×p+n
and points out that the trivial bound ω
(
p−n
)
É pi
(p
n
)
is sharp. On the other hand, the first bound con-
cerning the number of distinct prime factors of p+n , coming from the identity (see [4, Theorem 4])
(1) ω
(
p
+
n
)
=
∑
p>pn⌊
n−1
p−1
⌋
>
⌊
n
p
⌋
1
does not seem to be the best one and, on the basis of extended computations, the author surmises that
there exists κ> 1 such that, for n→∞
(C) ω
(
p
+
n
)
∼κ
p
n
logn
.
In this note, we provide a proof of Conjecture (C) which is a consequence of the more precise follow-
ing result.
Theorem 1. For any integer n ∈ZÊ1 sufficiently large
ω
(
p
+
n
)
=nE1
(
log
p
n
)
+O
(
n1/2δ
(p
n
))
where the function δ is given in (3) below and
(2) E1(x)=
∫∞
x
e−t
t
dt (x > 0)
is the exponential integral.
Since, for any N ∈ZÊ1
E1(x)=
e−x
x
N−1∑
m=0
(−1)mm!
xm
+ (−1)NN !
∫∞
x
e−t
tN+1
dt
we deduce immediately the following estimate.
Corollary 2. For any integer n ∈ZÊ1 sufficiently large and any N ∈ZÊ1
ω
(
p
+
n
)
= 2
p
n
logn
− 4
p
n
(logn)2
+ 16
p
n
(logn)3
− 96
p
n
(logn)4
+·· ·+ (−1)N−1 2
N (N −1)!pn
(logn)N
+O
(
2N+1N !
p
n
(logn)N+1
)
.
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2. NOTATION.
n ∈ ZÊ1 is a large integer, say n Ê 1020, and p always denotes a prime number. For any x ∈ R, e(x) :=
e2ipix andψ(x) := x−⌊x⌋− 12 . Form ∈ZÊ1 and real numbers 1É a < b Ém
ω(m;a,b) :=
∑
p|m
a<pÉb
1.
Finally
(3) δ(x) := e−0.2098(logx)3/5(log logx)−1/5 (x > e) .
3. TOOLS
Lemma 3. For any ε> 0, x Ê 2 and 1É xε É y É z < x
∑
z<pÉx
(⌊
x+ y
p
⌋
−
⌊
x
p
⌋)
< 2(y +1)ε−1.
Proof. Interchanging the order of summation, we get
∑
z<pÉx
(⌊
x+ y
p
⌋
−
⌊
x
p
⌋)
=
∑
x<mÉx+y
ω(m;z,x).
Writing eachm ∈
(
x,x+ y
]
asm = ab with (a,b)= 1, p | a =⇒ p ∈ (z,x] and p | b =⇒ p 6∈ (z,x], we infer
m Ê a > zω(m;z,x)⇐⇒ω(m;z,x)< logm
logz
< log2x
log(xε)
É 2ε−1
and hence ∑
z<pÉx
(⌊
x+ y
p
⌋
−
⌊
x
p
⌋)
< 2ε−1
∑
x<mÉx+y
1É 2(y +1)ε−1
as asserted. 
Corollary 4. α ∈
]
n−7/16,1
[
. Then
∑
α−1
p
n<pÉn
(⌊
n
p
+ n−p
p(p−1)
⌋
−
⌊
n
p
⌋)
≪αpn.
Proof. Since the function p 7−→ n−pp−1 is non-increasing, if p >α−1
p
n, then
α
p
n− n−p
p−1 Êα
p
n− n−α
−1pn
α−1
p
n−1 =
p
n(1+α)(1−α)p
n−α > 0.
Consequently, the sum of the left-hand side does not exceed
É
∑
α−1
p
n<pÉn
(⌊
n+αpn
p
⌋
−
⌊
n
p
⌋)
and the proof is achieved with the use of Lemma 3 with x =n, y =αpn, z =α−1pn and ε= 116 . 
Lemma 5. Let M ∈ZÊ1 and f : [M ,2M] −→R be any map. For any H ∈ZÊ1∣∣∣∣∣
∑
M<pÉ2M
ψ( f (p))
∣∣∣∣∣≪ MH +
∑
hÉH
1
h
∣∣∣∣∣
∑
M<pÉ2M
e(h f (p))
∣∣∣∣∣ .
Proof. See [1, Corollary 6.2]. 
Lemma 6. If M É 15 x3/5, then, for any M1 ∈ (M ,2M]∣∣∣∣∣
∑
M<mÉM1
Λ(m)e
( x
m
)∣∣∣∣∣< 17(x2M19)1/24 (log16M)11/4.
Proof. See [3, Theorem 9] with k = 2. 
Lemma 7. For any real number t > 1
∑
p>t
1
p(p−1) = E1(log t)+O
(
t−1δ(t)
)
.
ON A CONJECTURE OF B. C. KELLNER 3
Proof. By partial summation and the Prime Number Theorem, for instance in the form given in [2]
∑
p>t
1
p(p−1) =
∑
p>t
1
p2
+
∑
p>t
1
p2(p−1)
= −pi(t)
t2
+2
∫∞
t
pi(u)
u3
du+O
(
1
t2 log t
)
= − 1
t2
(Li(t)+O (tδ(t)))+2
∫∞
t
1
u3
(Li(u)+O (uδ(u))) du+O
(
1
t2 log t
)
= −Li(t)
t2
+2
∫∞
t
Li(u)
u3
du+O
(
t−1δ(t)
)
and integrating by parts
−Li(t)
t2
+2
∫∞
t
Li(u)
u3
du =
∫∞
t
du
u2 logu
=
∫∞
log t
e−v
v
dv = E1(log t)
as asserted. 
4. PROOF OF THEOREM 1
4.1. First step. Notice that, if
p
n < p Én, then
0É n−p
p−1 <
p
n
and hence
n−1
p−1 −
n
p
= 1
p
n−p
p−1 <
p
n
p
< 1
so that we get from (2)
ω
(
p
+
n
)
=
∑
p
n<pÉn
(⌊
n−1
p−1
⌋
−
⌊
n
p
⌋)
=
∑
p
n<pÉn
(⌊
n
p
+ n−p
p(p−1)
⌋
−
⌊
n
p
⌋)
.
Split the sum into two subsums as
ω
(
p
+
n
)
=

 ∑
p
n<pÉpn (δ(
p
n))−1
+
∑
p
n (δ(
p
n))−1<pÉn

(⌊n
p
+ n−p
p(p−1)
⌋
−
⌊
n
p
⌋)
= S1+S2
4.2. The sum S2. We use Corollary 4 with α= δ
(p
n
)
giving immediately
(4) S2≪
p
nδ
(p
n
)
.
4.3. The sum S1. First write
S1 =
∑
p
n<pÉpn (δ(
p
n))−1
n−p
p(p−1) −
∑
p
n<pÉpn (δ(
p
n))−1
(
ψ
(
n
p
+ 1
p
n−p
p−1
)
−ψ
(
n
p
))
:= S11−S12
say.
4.3.1. The main term. From Lemma 7∑
p
n<pÉpn(δ(
p
n))−1
1
p(p−1) = E1
(
log
p
n
)
−E1
(
log
(p
n
(
δ(
p
n)
)−1))+O (n−1/2δ(pn))
and the inequalities
e−x
x+1 < E1(x)<
e−x
x
(x > 0)
imply that
E1
(
log
(p
n
(
δ(
p
n)
)−1))≍n−1/2 δ
(p
n
)
log
(
n
(
δ(
p
n)
)−2) ≪ n−1/2δ(pn)
and hence ∑
p
n<pÉpn(δ(
p
n))−1
1
p(p−1) = E1
(
log
p
n
)
+O
(
n−1/2δ
(p
n
))
.
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Therefore
S11 = n
∑
p
n<pÉpn(δ(
p
n))−1
1
p(p−1) −
∑
p
n<pÉpn(δ(
p
n))−1
1
p−1
= n
∑
p
n<pÉpn(δ(
p
n))−1
1
p(p−1) +O
(
log logn
)
= nE1
(
log
p
n
)
+O
(
n1/2δ
(p
n
))
.(5)
4.3.2. The error term. It remains to prove that, for n sufficiently large
(6) |S12|≪ n1/2δ
(p
n
)
.
This estimate follows from the next result.
Lemma 8. For any integer n Ê 3 sufficiently large
|S12|≪ n49/100(logn)67/25.
Proof. Split the interval
(p
n,
p
n
(
δ(
p
n)
)−1] into O(logn) dyadic subintervals of the shape (M ,2M] so
that ∣∣∣∣∣∣
∑
p
n<pÉpn (δ(
p
n))−1
ψ
(
n
p
+ g (p)
)∣∣∣∣∣∣≪ maxpn<MÉpn (δ(pn))−1
∣∣∣∣∣
∑
M<pÉ2M
ψ
(
n
p
+ g (p)
)∣∣∣∣∣ logn
where either g (p)= 0 or g (p) := n−p
p(p−1) . From Lemma 5∣∣∣∣∣
∑
M<pÉ2M
ψ
(
n
p
+ g (p)
)∣∣∣∣∣≪ MH +
∑
hÉH
1
h
∣∣∣∣∣
∑
M<pÉ2M
e
(
nh
p
)
e(hg (p))
∣∣∣∣∣
and, for any p ∈ (M ,2M], we have ∣∣hg (p)∣∣É nh
p(p−1) É
2nh
M2
so that, by Abel summation∣∣∣∣∣
∑
M<pÉ2M
e
(
nh
p
)
e(hg (p))
∣∣∣∣∣≪
(
1+ nh
M2
)
max
M<M1É2M
∣∣∣∣∣
∑
M<pÉM1
e
(
nh
p
)∣∣∣∣∣ .
Now by Abel summation and Lemma 6∣∣∣∣∣
∑
M<pÉM1
e
(
nh
p
)∣∣∣∣∣ É 2logM maxM<M2ÉM1
∣∣∣∣∣
∑
MÉpÉM2
(
logp
)
e
(
nh
p
)∣∣∣∣∣
≪ 1
logM
(
max
M<M2ÉM1
∣∣∣∣∣
∑
MÉmÉM2
Λ(m)e
(
nh
m
)∣∣∣∣∣+M1/21
)
≪
(
h2n2M19
)1/24
(logM)7/4+
M1/21
logM
.
Consequently∣∣∣∣∣
∑
M<pÉ2M
ψ
(
n
p
+ g (p)
)∣∣∣∣∣ ≪ MH +
∑
hÉH
1
h
(
1+ nh
M2
)((
h2n2M19
)1/24
(logM)7/4+ M
1/2
logM
)
≪ M
H
+
{(
(Hn)26M−29
)1/24+ (n2H2M19)1/24}(logM)7/4
+ nH
M3/2 logM
+ M
1/2 logH
logM
.
Choose
H =
⌊(
M53n−26
)1/50 ( e
42 logM
)−21/25⌋
so that ∣∣∣∣∣
∑
M<pÉ2M
ψ
(
n
p
+ g (p)
)∣∣∣∣∣ ≪ (n25M−3)1/50 (logM)21/25+ (nM22)1/25 (logM)42/25
+
(
n12M−11
)1/25
(logM)−46/25+M1/2
and hence
|S12| ≪
(
n49/100+n48/100
(
δ
(p
n
))−22/25)
(logn)67/25+n13/50(logn)−21/25+n1/4
(
δ
(p
n
))−1/2
logn
≪ n49/100(logn)67/25
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whenever n Ê 3 is sufficiently large, concluding the proof. 
4.4. Completion of the proof of Theorem 1. Follows at once from (4), (5) and (6). 
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